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‘Boole, De Morgan, and Jevons are regarded as the initiators of
modern logic, and rightly so [...] Considered by itself, the period
would, no doubt, leave its mark upon the history of logic, but it
would not count as a great epoch.

A great epoch in the history of logic did open in 1979, when
Gottlob Frege’s Begriffsschrift was published.

(From Frege to Godel, 1967, vi)

‘Modern Logic began in 1879, the year in which Gottlob Frege
(1848-1925) published his Begritfsschrift. In less than ninety pages
this booklet presented a number of discoveries that changed the
face of logic’

(‘Historical development of modern logic’, Logica Universalis, 2012,
327)
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To exist on the map, you have to be/look bigger

(Boole doesn’t need that!)



Methodological principle 1

The History of the modernity of logic

rather than

the history of modern logic



Logic vs Mathematics
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‘Mathematical logic is a necessary

preliminary to logical ~mathematics’

(P. E. B. Jourdain, Preface to Louis
Couturat’s The Algebra of 1.ogic, 1914)

Mathematical logic  »s logic of mathematics

o~

Mathematical logic of mathematics
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Methodological principle 2

The history of Mathematical logic as a mahematical discipline

rather than

The history of Mathematical logic as a foundation for mathematics



Mathematical logic?



“On the principle of a true classification, we
ought no longer to associate Logic and
Metaphysics, but Logic and mathematics” (Boole,
MAL, 1847: 13)

“Logic as a Science 1s a branch of the larger
-~ sclence of Reasoning by Signs, another form of
B which is exhibited in ordinary Mathematics”
% (Boole, Elementary treatise on logic not mathematical

2| ncluding - philosophy  of  mathematical  reasoning,
i / probably before 1849)




“The introduction of mathematical symbols and
methods of working into logic 1s indeed, on
every account, to be protested against by all who
are interested in the welfare of the science. The
rejection of these is the more to be insisted on,
as well-meaning efforts still continue to be made
to improve logic by mathematical treatment [...]
The notion of extending the sphere of
mathematics so as to include logic, is as
theoretically absurd as its realisation is practically
impossible. To identify logic with mathematics is
to make the whole equal to its part [...] All such
endeavours possess the singular merit of making
logic as repulsive as possible, without doing the
least service to mathematics.’

(Thomas Spencer Baynes, New Analytic of Logical
Forms, 1850: 150-151)



‘The forms of my system may, in fact, be
reached by divesting [Booles] system of a
mathematical dress, which, to say the least, is
not essential to it. The system being restored to
its proper simplicity, it may be inferred, not that
Logic is a part of Mathematics, as 1s almost
implied in Prof. Boole’s writings, but that the
Mathematics are rather derivatives of Logic.”

(WL S. Jevons, Pure Logic, 1864: 3)



‘I shall endeavor to show that there 1s nothing in
Boole’s logic which can properly be called
mathematical; that it is simply a generalization of
very familiar logical principles, with a certain necessary
shifting, however, from the ordinary point of view |...]
whereas the common logic uses symbols for c/asses, and
for hardly anything else, we shall make equal use of
symbols for operations upon these classes... The fact that we
do this, and still more that we find it convenient to
adapt the peculiar symbols of mathematics to our
purpose, has given rise to the impression (and
unfounded one, as I hope to show) that such a system
of logic is a branch of mathematics’

(J. Venn, ‘Symbolic Logic’, Princeton Review, 1880: 248-
249)



Symbolic logic
1S
logic with symbols
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“Sunt qui mathematicum vigorem extra ipsas sclentias, quas vulgo mathematicas appellamus,

locum habere non putant. Bed illi ignorant, idem esse mathematioe scribere quod in forma, ut

logid vocant, ratiocinari.™ :
Lzisnirz, De vera methodo Philogophice et Theologiz (about 16890).

“Cave ne tibi imponant mathematicl logicl, qui splendidas suas figuras et algebraicos
msandros universale mventionis verl medium crepant.”

RUDIGER, De sensu veri ef falyi, Lib. I1, Cap. 1v, § xi. (172),
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Symbolic LLogic

1850: A. De Morgan, ‘On the symbols of logic’: 83
1854: G. Boole, Laws of Thought. 259 [‘symbolical logic’]
1877: W. S. Jevons, The Principles of Science: 423

1881: J. Venn, Symbolic 1.0gic

1889: C. Ladd-Franklin, ‘On some characteristics of Symbolic logic’

1896: L. Carroll, Symbolic 1 ogic

1898: A. N. Whitehead, Universal Algebra [Book 11: The Algebra of Symbolic I ogic|
1903: B. Russell, The Principles of Mathematics [Chap. 11: Symbolic Iogic|

1906: H. MacColl, Symbolic L.ogic and its Applications

1906: A. T. Shearman, The Development of Symbolic 1.ogic, 1906

1918: C. 1. Lewis, A Survey of Symbolic 1.ogic

19306: The Association for Symbolic 1.ogic



Who are symbolic logicians?



‘Boole’s work, from which we may date the modern
period of logic, was already fifty years old. But the
new ideas had not yet acquired any significant
publicity ; they were more or less the private
property of a group of mathematicians whose
philosophical bias had led them astray into the realm
of a mathematical logic. The leading philosophers,
or let us better say the men who occupied the
chairs of philosophy, had not taken much notice
of it and did not believe that Aristotelian logic
could ever be superseded, or that a mathematical
notation could improve logic’

(H. Reichenbach, ‘Bertrand Russell’s logic’, 1946: 24)




‘[S]ymbolic logic as such consists of a solution of
particular problems, which are on the same plane
as the solution of geometrical or algebraic
problems and, though concerned with the abstract
forms of subject and predicate, as specially
scientific as these mathematical processes — no
more logic than they are, and related to logic
precisely as they are. Incidentally there is a little
elementary logic involved, but the real and serious
problems of logic proper do not appear, nor is the
symbolic logician able to touch them. In
comparison with the serious business of logic
propet, the occupations of the symbolic
logician are merely trivial.’

(J. C. Wilson, Statement and Inference, 1898/19206:
637)



‘If I were younger, I would at least make an effort to
learn some mathematics, since to theorize on reasoning
in general while ignorant of one branch of reasoning is
obviously at best a precarious business. But it 1s too
late now, even if it ever would have been possible for
me. 1 really think I have no head for any abstract
reasonings & should never be able to follow the

processes of Symbolic Logic.’
(F. H. Bradley, Letter to B. Russell, 4 February 1904)

‘Mr MacColl [...] 1s unintelligible to me. His symbols
may be excellent for anything I know, but it seems to
require a great many of them to expose an obvious
mistake. Anyway I have no idea what he 1s saying &
have no intention of learning his dialect, as time is

more than short with me’
(F. H. Bradley, Letter to B. Russell, 9 December 1904)



If T were a professor of logic, I would
certainly get your books and study them;
but as I am only an amateur, driven by 1
know not what mental perversity towards
abstract studies from which I can never
hope to reap any material gain or benefit, 1
am afraid I must content myself with the
few books on logic that I already posses ...
I cannot atford the luxury of a large library.

(H. MacColl to F. H. Bradley, 14 December
1904)










Who cared about Symbolic Logic?

[T]his book 1s 7ot offered as a “school book.” In the
present state of logical teaching, it has #o chance of
being “adopted” as “a school book,” as it would be
for no use in helping its readers to answer papers on
the Formal logic, which 1s the only kind taught in
Schools and Universities... I have no doubt that
Symbolic Logic (not necessarily my particular
method, but some such method) will, some day,
supersede Formal Logic, as it is immensely
superior to it: but there are no signs, as yet, of
such a revolution.

(L. Carroll, L etter to Macmillan, 19 October 1895)




- The early years of Symbolic logic were not a success story
- Symbolic logicians were a minority of ‘outsiders’

- By 1900, being a symbolic logician was not a job with prospects



The Business of Symbolic Logic
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Symbolic Logic (s)?

‘There are now two systems of notation, giving the same formal results, one of which
gives them with self-evident force and meaning, the other by dark and symbolic
processes. The burden of proof 1s shifted, and it must be for the author or supporters
of the dark system to show that it is in some way superior to the evident system.’

(Jevons, Pure I ogic, 1864, p. 75)

‘Four different algebraic methods of solving problems in logic of non-relative terms
have already been proposed by Boole, Jevons, Schroder, and MacColl. I propose here a
fiftth method which perhaps is simpler and certainly more natural than any of the others.”

(C. S. Peirce, ‘On the algebra of logic’, 1880: 37)

“There are in existence five algebras of logic, - those of Boole, Jevons, Schroder, McColl,
and Peirce, - of which the later ones are all modifications, more or less slight, of that of
Boole. I propose to add one more to the number.’

(C. Ladd, ‘On the algebra of logic’, 1883: 17)



‘Dr. Frege’s work seems to be a somewhat novel kind of
Symbolic Logic [...] it does not seem to me that Dr. Frege’s
scheme can for a moment compare with that of Boole. I
should suppose, from his making no reference whatever to
the latter, that he has not seen 1t, nor any of the
modifications of it with which we are familiar here.
Certainly the merits which he claims as novel for his own
method are common to every symbolic method... I have not
made myself sufficiently familiar with Dr. Frege’s system to
attempt to work out problems by help of it, but I must
confess that it seems to me cumbrous and inconvenient.

(. Venn, Mind, 1880: 297)



Syllogisms

Every syllogism, then, consists of three propositions; the two first of
which are called the premises and the third the conclusion. Now, the
advantage of the all these [valid] forms to direct our reasoning is this,
that if the premises are both true, the conclusion infallibly 1s so.

This is likewise the only method of discovering unknown truths. Every
truth must always be the conclusion of a syllogism, whose premises are

indubitably true. [Euler, 1833, p. 350]

All M are P
Sare M M) P
All S are P

>




The Problem of Elimination

Introduced by Boole and considered as the main problem of logic
by most symbolic logicians and Zheir opponents

As the conclusion must express a relation among the whole or among
a part of the elements mvolved in the premises, it i1s requisite that
we should possess the means of eliminating those elements which we
desire not to appear in the conclusion, and of determining the whole
amount of relation implied by the premises among the elements which
we wish to retain. Those elements which do not present themselves
in the conclusion are, in the language of the common Logic, called
middle terms; and the species of elimination exemplified in treatises on
Logic consists in deducing from two propositions, containing a common
element or middle term, a conclusion connecting the two remaining
terms. But the problem of elimination, as contemplated in this work,
possesses a much wider scope. It proposes not merely the elimination of
one middle term from two propositions, but the elimination generally
of middle terms from propositions, without regard to the number of
either of them, or to the nature of their connexion [Boole, 1854, p. §]



- ‘the general problem of Formal Logic’ (Boole, On the Foundations of
the Mathematical Theory of 1.ogic, 1856: 97)

- ‘George Boole |[...] first put forth the problem of logical science in
its complete generality: — Given certain logical premises or conditions, to
determine the description of any class of objects under those conditions. Such was the
general problem of which the ancient logic had solved but a few isolated
cases [...] Boole showed incontestably that it was possible, by the aid of a
system of mathematical signs, to deduce the conclusions of all these
ancient modes of reasoning, and an indefinite number of other
conclusions. Any conclusion, in short, that it was possible to deduce from
any set of premises or conditions, however numerous and complicated,
could be calculated by his method” (W. S. Jevons, ‘On the mechanical
performance of logical inference’, 1870: 499)

- ‘the central problem of symbolic logic’ (J. N. Keynes, Formal I.ogc,
1906: 500)
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premises) with respect to the following elements, viz., the pas-
session of red blood, of an external covering, and of & vertebral
oolumn.

We must first eliminate a. The result is

e [l=mm(l—&)—ef{]l —n)] +ni=0.

Then (1X. 9) developing with respcot to s and ¢, and reducing
the first cocflicient by Prop. 1, we have

s fr(l-npa(l=8 4+ (irs n){l-e)i+dr(l-a)(1-2)=0. (5)
Hence, if af = w, we fiml

e+ ir (I -m) e ffrem)=ir{l —aw)=0;

Ot e + e (1 —n) (1 = w) = 0;
.2 i
irf{l= 1) — =

=0drm 4+ ir(l —n) + (]l -r)n+ -gz'“ - r} {1 - n)
$0(1-Nras S (1-Ar(1-n)s0(1-)(l-r)n
ih ,
4ﬁ{I—J}{I—r}{1—n};

Oy,

w=gr{l-n) ﬂ i{1=r){l-mn)+ ::H - 1) {1 —n).

Hence, soft-bodied animals enclosed i twbes consivt af all
tnverichrate animals haming red Wood and mot naked, and an in-
definite remainder of tnvertchrate entmals not having red blood and
not nahed, and of vertcdbrate animals which are not naked.

And in an exactly similar manner, the following reduoced equa-
twons, the interpretotion of which is left to the reader, have been
dedoced from the development (3).

;{n_{,:a'm+%.-{1_:.~;.+Eu_ﬁ
i) - , 0
(1- o) t=s(1-Br{l-m+-(1-r)(l-n)

{I—a}{l—.f;l=2r‘{l—r}~gfl—f}.
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What (symbolic) notation?
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‘Proposition 1.

Al the operations of Langnage, as an instrument of
reasoning, may be conducted by a system of signs
composed on the following elements, viz.:

Ist. Literal symbols, as x, y, & c., representing things
as subjects of our conceptions.

2nd. Signs of operations, as +, -, X, standing for
those operations of the mind by which the conceptions
of things are combined or resolved so as to form new
conceptions involving the same elements.

3rd. The sign of identity, =.

Abnd these symbols of Logic are in their use subject to
definite laws, partly agreeing with and partly differing
from the laws of the corresponding symbols in the
science of Algebra.’

(Boole, LT, 1854: 27)



“The great reform effected by Boole
was that of making the equation the
corner-stone of logic, as it had always
been that of mathematical science. Not
only did this yield true and simple results
within the sphere of logic, but it
disclosed wonderful analogy between
logical and mathematical reforms’

(W. S. Jevons, ‘Some recent mathematico-

logical memoirs’, 1881: 485-4806)



1870s: 1nclusional notations

All xare y
) - Convenience (MacColf)

C. S. Peirce: x ¢ Ceiy) (rez):(x:z)

(o = x) 02 =) (g =) = 9 = )02 =))

* E.Schréder: x =€
« H. MacColl: x: y - Sumplicity (Peirce)
. BT | 56—
L. Carroll: x T® )
x =)

G. Frege: y




Peirce

0 —< y

Intersection of x and y is empty x is included in not-y

XY =



I.add’s exclusional notation

All x are y X

Some x are ) X

— )
vV o
VS



Carroll’s subscript notation

No Xisy XYo

Some x arey XY




What (diagrammatic) notation?
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Venn diagrams All x are y
X (1-y)=0
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Diagrams for » terms (#>3)

“The traditional logic has been so entirely
confined to the simultaneous treatment of three
terms only (this being the number demanded for
the syllogism) that hardly any attempts have been
made to represent diagrammatically the
combinations of four terms and upwards [...]

Indeed, except for those who wrote and
thought under the influence of Boole, directly
or 1indirectly, it was scarcely likely that need
should be felt for any more generalized scheme.’

(J. Venn, Symbolic 1.0gic, 1894: 511-513)

E. Garden,
Outline of 1.ogic,
1867: 39



J. Venn, ‘On the diagrammatic and mechanical
representation of propositions and reasonings’, 1880

A A
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a
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1881

A. Marquand, ‘Logical diagrams for n terms’,
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A. Mactarlane, “The logical spectrum’, 1885
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‘Both Venn and Carroll gave up at four sets and offered five-
set diagrams whose fifth set did not consist of a closed curve,
so that some regions became disjoint. In our terminology, they
were not really Venn diagrams at all: once one admits the
possibility of sets being bounded by more than one closed
curve, one might as well just list all the binary numbers
between 0 and 27! and put a little ring round each!’

(A. W. E Edwards, The Story of Venn Diagrams: 32)




A Friendly contest
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mode of division chosen) the axial symmotry of the segmeats. ‘To smve

in tha m%l:nud exnmples, halves of mutoally convertible Agnrea
arn combined in form of & single polygon. [‘ﬁ;;ngntth.llﬂ-n
affurd space for only one of the vary inbaresting illostrative dingrams
sent by Mr. Hagvar.]

10402, (E. M, Laworey, M.A.) —If a dizmeter of ona of two
ort circlon cuta the common chord at T, and the other cirele in O,
amdl i &Biln&:ﬁnﬂﬂthiﬂmmmgh I, show that Cliaa
symmedian of the trinngle ABC.

Balution by Profeasor Gusvens, M.A.

Lat O be the centrs of
the firat circle, U0 mest the
sacond cirelo at D and CB, CA
?hza: the first circle at P, O ;

0D . 00 = OF* = 0D,
oo EOFPD = OOF = OBD,
bomen O, I, P, B are ¢in-
lie, and £ POD = PRI
L0 = CAD, MNow
IAIB=1D . IC;
henoa & B, O, I wro eom-
eyelio, and anglea CAD, CBD
B enfary; .. £ "s PUL,
wre a0, und 1%, 0, € are o a line. Bat PQ, AB aro anti-parallal
in angle ACH. Thon CI, & madian to PQ, is & symmedian to AR,

10420, (A. E. Joiurre)—4 holn touches thesidos of & triangle
ab A, B, O'; prove that ALY BE', OO mest on the minimum ollipss
circumacribing the triangle.

Sslution by Hon. Beprrawy Russest ; Prof, Annensoy : end stiers.

Tf the parsbola be  (iz)d + (my)t 4 (me)! = 0,
the interssttion uclgm". BE, O ds (=), m=1, 6=1). Buk Jpmaenm=10;
hence the intersection lies on the conie £-V+ =" +:~1 = 0, whos centre
iar =y =z ie, the controid of the trisngle. Hence the interspction
liea on the minimum circomscribing ellipss,

[1f wo draw an equilatenl trinngle whosn sidns tonch & given parabola,
the lines that join any angular point with the point of contact of the
opposite sida will each pass through the focus, which is & peint on the
carcumcirele of the tdangle.  Projecting orthogonally, &-.]




Boole’s 5t" problem

‘Ex. 5. Let the observation of a class of natural productions be
supposed to have led to the following general results.

Ist, That in whichsoever of these productions the properties A and
C are missing, the property E 1s found, together with one of the
properties B and D, but not with both.

2nd, That wherever the properties A and D are found while E is
missing, the properties B and C will either both be found or both be
missing,

3rd, That wherever the property A is found in conjunction with
either B or E, or both of them, there either the property C or the
property D will be found, but not both of them. And conversely,
wherever the property C or D is found singly, there the property A
will be found 1n conjunction with either B or E, or both of them.

Let it then be required to ascertain, first, what in any particular
instance may be concluded from the ascertained presence of the
property A, with reference to the properties B, C, and D; also
whether any relations exist independently among the properties B,
C, and D. Secondly, what may be concluded in like manner
respecting the property B, and the properties A, C, and D’

(Boole, LT, 1854: 146)



Boole’s 51" problem

‘In none of the above examples has it been my object
to exhibit in any special manner the power of the
method [...] I would, however, suggest to any who
may be desirous of forming a correct opinion upon
this point, that they examine by the rules of ordinary
logic the following problem, before inspecting its
solution; remembering at the same time that, that
whatever complexity it possesses might be multiplied
indefinitely, with no other effect than to render its
solution by the method of this work more operose,
but not less certainly attainable.

(Boole, LT, 1854: 146)



16 Huogh MeColl on the [Nov. 14,

I have not yeot attempted to extend the inguiry to frames of 7 or
more joints. There aro even cases where a frame of less than the
number 2a—23 of bars required for stifness may be selfstrained.
Thus, & frame of the form of & regalar cotagon, with four disgonal bare
crossing st the centre, would evidently be in equilibriom, if the
diagonals be all in tension, of the same amonnt, and the sides in com-
pression of the amount requisite to give equilibrinm at each joint : yet
the frame is not even rigid, and wonld require & thirteenth bar to
rendar it go,%

The Oalonlus of Equivalent Statements (Third Paper).
By Hvon McCow, B.A.
[Read November 14th, 1878.]

Tha following formnlm are gll sither self-evident or ensily verifiad,
and some of them will be found wsefol in abbreviating the operations
of the calculos —

(I I'=0, F=1;

(2) 1 =l4+a=14+a+db=I14a+b+e &o;

(8) (ab+al) = a'b+ab),

(ab+ab’) = ab+a'l;

(4) &t a+b:adtbie &o;

(5) (a+d)a+B)(at+0)...=a+dAB0 . ;

(G) (=:b):a+b;

(7) (a=b) = (a: B)(b:a);

(B) (a=2F) : ab+t+a'd";

(9) (A:a)(B:b)0:e)... : (ABO ...z abe...);
(10) (A:a)(B:b)(0:c)...: (A+B+O0+... tat+btet..);
(11} (A:ae)(Bra)(0:z) .. . =[(d+B+0+4...12);
(12) (=: ANz : B)o: O)...= (v : ABO _)};

(18 (A :=2)4+(B:a)+(T:a)+.. : (ABT ... 1 @);

(14 (p: D+ @: B+ @M+ (2 A+B+0+...)

Roce 19.—To test the equivalence of any two statoments ; say
Sla by .) and ¢ (o, by ..0).

* It in oaey to show that the only condition nocsmry for iur cetagonnl frama,
with 4 diagenal bers joining opposite vartices, o be copables of interoal stross, in
that tho 4 intersecbions of ewch vair of eonosito sides ke i firceiusa.

1873.] Calewlus of Equivalent Stalements. 23
Hence, adding antecedent to antecedent, and comsequent to conse-
quent (see Formula 10), we get (since K4 E = 1)
O: AB+ AB+ AT .. .venanes R (1),
omitting two redundant tetms ABD and A'L.
Agnio, from the given premises we got
OF 1 (A =10): 4,
OB (A4 =0): A
Hance 078 A e e (2).
From (1) and (2) we get, by transposition,
AR+ A'BD : C,
A
The term AB over-lined in the frst of these two implications may
bo canecalled as zero,® sinee it is a maltiple of the term 4 in the soeond

implication (see ule 24). Cancelling this term and transposing again,
we get, for oor final resalt,

A0 A4+T 4D,
Another problem from Boole (see * Laws of Thought," page 146},

when translated into the langmage of this caleulos, s the following :—
From the premisea expressed by the complex statemont

{A0: B(FD+ B} (ADE : BO+ BC) {A(B+ E)=0D+00,

it is reguired, (1) to express A in terms of B, 0, D, elimineting K ; and
(2) to expresa I in terma of 4, O, D,
Uging Bale 23 end Formule § and B of this paper, we goet

AR : 0D+ 0,
AE : (D' + BO+F @) {B(0CD+ 00N+ F (0D + 0D}

Adding antecedent to antecedent, and corsequent to consequent (sea
Formala 107, and omitting the term I (0"D+00) in the dooble
bracket, becanse it is & mulliple of the first consequent ("D 4 CIF, we

pet A: 0D+ 0D+ I (D' B0+ B ) 0D+ TD).

We may cancel the term over-lined bechuse it is inconsistent with the
outside factor I

Henee A CD4OD+ B (O +I'C°D),
that iz, A OD4 00 4 BOTY,
Hence, by transposition, CD4+BCD : A

* From this gero torm wo may ﬂulunu-!-hﬂlwuimﬂimﬁunad:ﬂmdﬂ;:d’.



SYMBOLIC LOGIC

257

e

BY

JOHN YENN, M.A,

FELLOW, AND LECTONRER IN THE MOTAL BOTENCEAR,
GONVILLE AND CAITE COTLLEOE, CLMARIGOE,

ey i mathemationm vigeries ezt G, sl guas vuigo mulhesalbos appallamo,
loetim habara noa putesd.  Bed NI gmorssd, idem csse matheamation deribers quod s forms, ue

logicl vooand, rediooiner ™ .
Lznmire, De vera suthods Fhilapoghiler of Thealogior [aleeus 1080).
=Cave oa U um}qﬂﬂnﬂ;ﬂﬂ-mﬁmiﬂnm

mamasdros wndvermls mreotiooh. verl medium repast. "
Runreas, D s verd ot fale, Lite I Osp. v § i (ITEEL

Wonbion :

MACMILLAN AND CO.
1881

[4H Rights ressrved.]

x11.] Miscellaneous Examples. 281

Now draw the 5-term diagram, and shade out the terms
thus marked'. (On the pieced diagram board, described in
Chap. V., they could be picked out and removed in a few
minutes.) - We have the following result :—

On looking at this diagram, several of the various conclu-
sions which Boole has drawn are almost intuitively obvious.
Thus that ‘there is no xzw’ (zzw = 0); that ‘all w is either =
or 2’ (xzw=10); that ‘all z is either z or w’ (Zzw=0). These
are the sort of conclusions to which diagrams specially lend
themselves; for in each case we extinguish a connected group
of classes, and each extinction readily catches the eye in a
figure. :

Similarly it is not difficult to verify the conclusion that
‘wherever z is found there will be found either z or w (but
not both) or else ¥, z, and w will all bé absent; and conversely’
(Boole, p. 148). Symbolically this stands

&= 2W+Zw + YZW.

On looking at the composition of # in the diagram it will
readily be seen that it is made up of these three (in their
ultimate subdivision, siz) constituents. This sort of conclusion,
though easy to verify by a figure, is probably easier to obtain
(apart from the extreme and inevitable tediousness) from the
symbolic letters.

1 'We have not troubled to shade the outside of this diagram, viz: Z§ Zi&.
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1890

b22 Dreizebnte Vorlesung.

legungsweisen in’s rechte Licht zu setzen, jeme als die {tiberlegene zu
erproben.

Dagegen wolle man diesen Beispielen nicht etwa die Bestimmung zu-
schreiben, dass sie den Nuizem unsrer Kunstlehre des Denkens — vielleicht
fiir das praktische Leben — darzuthun hltten.*) Utilitarische Bestrebungen
liegen uns nach wie vor ferne und setzen wir voraus, dass auch der Leser
von dem wissenschaftlichen Interesse geleitet sei.

Ich gebe die Aufgaben nicht etwa peinlich nach ihrer Sehw:engkelt
geordnet. Der Studirende, welcher mit den leichtesten beginnen und von
diesen allmilig anfateigend zu den verwickelteren fortschreiten will (,,schwie-
rige* gibt es eigentlich unter den bisherigem Kalkul tiberhaupt zuging-
lichen Problemen, nachdem derselbe so weit entwickelt ist, micht mehr)
Jbraucht sich nur zuerst an diejenigen zu machen, welchen der geringste
Druc]mmfa.ng gewidmet ist, und bei demen sich am wenigsten Formel-
anh#ufungen dem Auge da.rbietan!

Ich beginne vielmehr mit jener komplizirtesten der von Boole ge-
stellten Anfgaben, welche ich erstmalig in? nash seiner geliuterten Methode
behandelt habe und auch hier mit allen Zwischenrechnungen durchmehme
— weil mir dieselbe jemen oben angedeuteten Zwhcken der Methoden-
erliuterung und sphter auch -vergleichung am vielseitigsten und besten
zu dienen fihig erscheint.

1. Aufgabe. (Boole* p. 146 .. 149.) Es werde (gemiiss Boole)
angenommen**), dass die Beobachtung einer Klasse von Erscheinungen
(Natur- oder Kunsterzeugnissen, z. B. Substanzen) zu den folgenden
allgemeinen Ergebnissen gefiihrt hat:

«) Dass in welchem auch von diesen Erzeugnissen die Merkmale A
und C gleichzeitig fehlen, das Merkmal E gefunden wird, susammnien mil
cinem der beiden Merkmale B und D, aber nicht mil beiden.

B) Dass, wo immer die Merkmale A und D in Abwesenheit von E
gleichecitig aufireten, die Merkmale B und C entweder beide sich vor-
finden oder beide fehlen.

#) Dass iiberall, wo das Merkmal A mit dem B oder E, oder mil
beiden susammen besteht, auch entweder das Merkmal C vorkommt oder
das D, aber nicht beide. Und wmgekehrt, diberall wo von den Merkmalen
C und D das eine ohne das andre wahrgenommen wird, da soll auck

*) Dafiir sind sie meistens zu kinstlich ersonnen. Zum Teil werden die
Aufgaben mehr nur mit Schereriitseln, Vexiraufgaben, Spielproblemen verwandt
erscheinen.

*%) Uber die ZulBasigkeit (in gewissem Sinne Unzullssigkeit) dieser Annabme
vergleiche die unten folgende , Anmerkung* zur Aufgabe.




MATHEMATICS AND ABTEONOMT, &7

In testing after obialning B and foor sams, the work can be need a8 &
matrix for making § separate colomns, when another fignrs will ba an-
changeable and O will ba Increased 26 times. After obtalnlog ten sums,
in each of thesa fve colomns, they may be ased as matrices, for forming
ten golumns, and ¢ will be inereased to 450 bllilons, at least.

In operating, the seversl colomns shonld be carried along together, a0
that nearly equal sums may be obtalned suecossively.

In protracied search, I proposs to work downward from the opper lim-
Its, by uslng severs] principles, obtalned fromequations lavolving 4 (N £ 1),
and also to test the suma obtalned where the table of sguares 18 ot anffl-
cleptly extended. Also [ propose & aystem of abridged moltipiication for
finding the onchangeable part of roota, where a table of squares is not
available.

AFFLICATION OF THE METHOD OF THE LOGIOAL SFECTRUM To BouLr's
FROBLEM. DBy A. Maorauvaxe, Frof. of Physles, Univeraliy of Tezas,
Austin, Texas,

Proressur Scarorper of Earlsrobe, by the poblication of his = Verle-
songen Hber die Algebra der Logle,” has bronght thia braneh of matbemat-
bes more generally to the ootlee of mathematicians. One of the problems
he discusses 18 one which Bools proposed and solved as & specimen of the
power of his method (Laws of Thowzht, p. 1487, Boole aays &b the end
of his Investigation that he has oot attempied to verify his conclnsions.
I propose to solve and verlfy by the method of the logleal apectrum. The
problem 18—

Lot the obeervation of & class of natural productions be sopposed Lo
have led to the followlng general results:—

(I} Thatls whlch&oever of thess produclions the propertles 4 and O
are minalng, the property K ls found, together with one of the proparties
B and Iy, but not with both.

{2} That wherever ihe properties A and I are found while E {3 mlss-
ing, the properties B and ' will eliber both by found or both be miasing.

{3} That wherever the property A s fonnd in eonjonetlon with elther
& or E, or both of them, there either the property & or the property D
will be found, bot not both of them, And, conveesely, wherever the prop.
erty @ or D I8 foond singly, thera the property 4 will be found Im con.
Junction with elther B or E, or both of them.

Let It then be required to ascertain, first, what in any particalsr instance
may be eoncloded from the ascerinined presenes of the property A, with
refersrnce to the propertles B, O, D} also whether sny relatlons exist {n-
dependently among the properties B, O, I Secondly, wlat may be con-
claded o ke manmer respecting the property B, aud Lhe properties A,
o, "

MATHEMATIOS AND ASTEONOMT. 59

all the eqoatlons are indefinita, then o conlalne an Ipdefnite portlom of
that class, If the only definlie value for a is 1, then @ contalne the whole
of that clasa; if 0, then none. Lf one equation gives as=l and another
¢ =10, theo that class must be Imposalbla.

By thils method we got for @:—

bode A bode nioe

beds' Hong Weds' ' mone

bed's all bled's all

bed'e’ all bled'e! Impoasible
befde all bie'da all

befde impnealbla b'e'de’ impossihle
be'd's noBE be'dle impossibie
Befdfa Impossible hre'dle! all

Henee a=bad's 4 bed's’ 4= be'de 4= bled's + be'de -+ be'd's’, and by taking
into accownt the impossible terma ¢ and ¢' may be eliminated by additlon,
thas ¢ = ad' 4 ¢'d + Me'd".

If we conslder the eliminatlon of # from the lmposslble terma, wo find
that the result 1s entirely indefinite. This s the answer to the Arat ques-
tlom.

To answer the sscond goestion, we form the sol-classes, doe to the
presence or ahsence of g, ¢, d, &, and by solving for @ we obtain:

ode Imposalbla a'ede indefinlte
e’ imposslble a'ede! indefnite
aod’e Indefiniie a'ed's Impossible
aed’a’ all a'eds’ imposalhle
achila Indefnila a'clde Impoasible
ac'de’ imposs|bie a'olde! impessible
ac'd's i poetaiinle a'e'd'e all

ac'd's! none a'e'd's’ impossibile

Henes, b=a'e'd’ 4 an Indefinite portlon of {ged'-ac'd4a'ed) and there
in & relatlon Iedepeodent of b, namely :
mod 4= afed’ 4 a'e'd =0
Thess are the analytical sxpressions for Boale's second anawer.

g, 4

c.-'"'"""-.f

}l ..I"\ ,-‘f‘\ ,aiﬁhdr
2!

-~
ﬂ L’- r e."“}:"d- lr,:",,

DraGEan 1.

The diagrammatic verification a8 as foliows :——Let 8 strip represent I,
the whole collection of prodoctions. In disgram (1) [fa is represented by



Peirce and his ‘school’

L T B )

As an example of this method, we may consider a well-known problem given
by Boole. The data are

EXZ~<vX(yXw+iyXw)
v X aXw—<_(yXz)+ (7§ X7)
(X y)+ (v XaXiy)=(zXd)+ (ZX w).

C. S. Peirce, ‘On the algebra of logic’, 1880: 39



STUDIES IN LOGIC.

BY MEMBERS

GOF THE

JOHNS HOPKINS UNIVERSITY.

BOSTON:
LITTLE, BROWN, AND COMPANY.
1883,

CONTENTS.

Tue Looic or To® Ertourkaxs . . . . . . . . 1
By Allan Marquand,

A Macmive vor Probucive Svirocistio Vaniations 12
By Allan Marquand,

Nore ox ax Enr-Tery Loercar Macarse . . . 16

Ox tue Aveepra oF Logic . . ., . . . . . . 17
By Christine Ladd,

Ov o New Acvceera or Logte . . ., . . . . . 72
By 0. H. Mitchell,

OreraTioNs I¥ REDATIVE NUMBER WITH APPLici-
TIONS T0 THE Turory or Provimmmmes ., ., . 107

By B. I Gilwai,

A Turozy or Propasie INveresce . . . . . . 1796
VIS0 A U I R RN
Nore B, . ., .., . . . . . .. . ... 187

By O. 8. Peiree,



ON THE ALGEBRA OF LOGIC,

By Conmrivyg Lasn,

Tnrne are in existence five alpebras of logic,—those
of Boole, Jevons, Seliegdor, MoColl, nnd Peives, — of
which the later ones are all modifications, more or less
alight, of that of Boole. 1 propese to add one more (o
the number, It will boar more resomblanes to that of
cehriler thon to any of the others; but it will differ
from that in making use of a eopuln, and alsy in the
form of expressing the conclusion.!

ON IDENTICAL PROPOSITIONS.

The propesitions which logie considers are of two
kinds,— those which affem the idontity of subject and
predieate, omd these which do not.  Algebmas of lome
may bo elussified according to the way in whicl they
expross propositions that are not Wdentities.  Tdentical
propositions have the samo espression in all OF the
logical theoremsd which are idontitics, T shall give those
which are esscntiol to the sulject, and for the most part
withont prool.

(1) The gign = l& the sl of equality, a=¥5 a
ciils &, means that in any logical expression « ean

| The substango af this paper was read o2 o meetiog of the Motsphysical
Clubiof the Jokos [opkins Univensity, hobd Us Jugesry, 1581

0¥ THE ALGELRA OF LOGIC: a7

promiscs.  As Mr. Jevons himsell says: © It is hardly
posaililo to apply this provess to probloms of more than
aix torms, owing to the lnrge number of combinations
which would require examination” (XL, p. B6).

T. (1L, p. 146).  From the premises
TH (# +wy + BN
frr (p7+ 2V
o (w4 y) (sur + BF} 5
(% - ) (= + B} F
it is roquiced, Qest, o climinate #; second, to expross
the eonclusion in terins of 23 third, in ferms of ¥
fouril, to climinate o3 [fth, fo climinote g.
The terms which lnvolve ¢ are
T2 4 = (4F + §5) + § [0 4 Fae) 7, @ (e = 50 04
whenee, taking the product of the left-hond members,
we havy anly
T3 N ()
which ig to be added to that part of the promises wlhich
dots not contain o, — wwmely, to
F= (wy -+ BF) + 2y (=4 50) 4 3 (s + 20} T,
Collecting the parts which contain & amd T we have
x5y m o+ I, (&)
iy 2%+ Ew | Eird. ()
Tho negative of the second membor of () s by (14),

ew + Fey, hence, by (187, theso two exclusions aro
etjuivident to the idostity
& = =0 + Ew + 509, {d)

nr
& = s 4 yEif.



ON A NEW ALGEBRA OF LOGIC.

By ¢ H. Mimcren

Tur algebrs of logie which T wish to propose may be
briefly charactevizod as follows': All propositions — cate-
gorioal, hypothetical, or disjunctive —are expreased us
logical paly nominls, and the rule of inference from a set
af premises is: Take the logfeal product of the promises
dand erase the lorma to b eliminsted. No set of lerms
ean be eliminaterd whose erasure would destroy an ug-
grégant term.  Bo far as the ordinary universal -
ises nre concornad, the method will be seen to be simply
the negutive of Roole's method as modified by Schrbder,
Tho resson is; that the terms which the propositions
invalve are virtunlly ol on the right-hond side of the
copule, instead of all oo the left-hand side, as in Boole’s
ot

Attontion is- espeeially callod o tho treatmont hore
given of particular propositions (of which there s intro-
duced a variety of new kinds) which s homogensons
with thut of uuiversals; the process of elimination bitng
precisely the sume in gach case.  For tho sake of clear-
neas |t may be well to state wt the outset that 1 uee

nddition in the medified Booliay sense,— that is, z 4 ¥
= all that is either # or y.

82 ON A NEW ALCEBHA OF LOGLO,

second rolation means; if = for all or somo £,
then =% 4+ F for all or gome €7 and the regult is
oltained by adding @ to both sides, romemboring that
'+ m= I We lave, of course,

(M + Fl.= (W 4+ waf), = (= mF}.

I now give the solution of the well-known problem of
Boole, * Lows of Thought,” p. 145, The premises aro,
remembering thot (e =8) = (@ + &), (o + ),

G - m - eyiE - el
I:"' J-‘E+7-'E|+I"= o+ ﬁ}:r
(¥4 w5 4+ wE 4 @) oy + ve 4 wom 4 T,
Multiplying the premises together, and dropping & {rom
the result, we got
(1ur3 + wFz 4 Wre 4+ ExF 4 EFyE), = =y F.
The four results asked for by the problem are

{1} (F + wiE 4 @®a 4 i£F),

(2) (wE 4 we + @3 4 BF + ByF),, Lo (),
() {§ + ®IE + ivxs + wis o oo,

{4) {@wx 4 #F + 208 + wilz),,

The first gives the prodieate of 2 in terms of g, = w,
beoing the snme as & —< wE -+ e + irf, and is obtained by
adding 7 to # and reducing. The second is the relution
among w, =, w, and s obtained by dropping 2 from F
and reducing. The result (L"), shows that no relation
is implied among w, 2, w alone, The third gives the
predicate of y in terms of =z, =, w, nnd is obtained by
adding § to F and roducing. The fourth is the relation
implied among =, a4, w, and is obtzined by dropping ¥
from F nnd reducing. The relation (3) is not in its
simplest form, sinee the implied relation (4) omong o, 2, w



Boole’s logical Caleulus and the Concept-script”
[1880/81]

it his writings, Leibniz threw out such a profusion of seeds of ideas that in
his respect he is virtually in a class of his own. A number of these sceds
were developed and brought to fruition within his own lifetime and with his
collaboration, yet more were forgotten, then later rediscovered and
developed further, This justifies the expectation that a great deal in his work
that is now to all appearance dead and buried will one day enjoy a
resurrcction. As part of this, | count an idea which Leibniz clung to
tluoughout his life with the utmost tenacity, the idea of a lingua
characterica, an idea which in his mind had the closest possible links with
thit of a calculus ratiocinatur, That it made it possible to perform a type of
comnputation, it was precisely this fact that Leibniz saw as a principal
mlvantage of a script which compounded a concept out of its constituents
vither than a word out of its sounds, and of all hopes he cherished in this
mutler, we can even today share this one with complete confidence. 1 will
yuute just the following from the relevant passages:

‘5i daretur vel lingua guaedam exacta, vel genus scripturac wvere
philosophise, ... omnia quae ex datis ratione assequi, inveniri possent
yuodam genere caleuli, perinde ac resolvuntur problemata arithmetica aut
gevnetrica™

* D¢ Scientia universali seu caleulo philosophico.

ln 1881, this article was submitted by Frege in turn to the Zeitschrjff fiir
Muthematik wnd Physik, the Mathemarischen Annalen and the Zelschrift fur
PMhllusaphie und philosophische Kritik, but was in every case rejected by the editors.
I Hinnily remained unpublished.

Irom the report of H. Scholz and F. Bachmann: Der wissenschg/Hiche ."'l'ﬂrhk:!.s.?
pnin Ciettiod Frepe (Paris 1936) we learn that the Iu:ulsi original was“a manuscript
prepured for publication of 103 closely written sides of quarto’. Scholz and
Wichmans mention besides that Frege also submitted the manuscript w R
Awennrius Tor the Viertelighrsschri® fir wissenscha/ticke Philosophie. However it
guild be that what Frege submitted to Avenarius was the essay published in this
volumie on pp. 47 I, ‘Boole's logical Formulalanguage and my Concept-Script’,
#nce Avenarius in his letter to Frege of 20041832 cites the title of the manuscript
returned by him as *Boole's logical Formula-Language’. .

ITse article can scarcely have been composed before [B8Q, the year in Whlr.'h_l.h&
teview by Schroder mentioned on p. 11 appeared. A great number of the reflections

40 Hoale's lagival Coicwiuy ard rthe Concepr-ecripe

[a Schreader’s formulation, the problem is as follows. Suppose we ohserve
a class of phenomena (natwral kinds or arcefacis, €. subsiances) and arrive
at the following gemeral resulis:

L) If the characteristics or properties A and C are simultaneously absent
from any of the phenomena, the property E is found together with either the
property B or the property [ but not baoth,

(7 Wherever A and D are found together in the absence of B, B and O
are either both present or both absent.

171 Whersver A is found together with B or E or both, either © or D iz 1o
be found but nor bodh, And conversely wherever one of O, I3 is found
without the other, then A is to be found together with B or E or both,

We now have to find:

(1) Whar in general can be inferred abouwt B, C and I from the presence
of A,

(2} Whether any relations whatewer hold begwesn the presence or absence
of B, C and D independently of the presence or absence of the remaming
Properiies,

i 3 What follows for A, C and D from the presence of B,

(4} What follows for A, C and [ considerad in themselves.

Im the solution I wse the corresponding Greek capdials so thar eg. A
mecans the circumstance that the properiy A is to be found in the oblect
under consudsratiom,

1 first translate the individual data.

() The denial of A and S has o conseguence the £
affirmation of £ (1) |
I {1}
The denial of 4 and /" hac as a consequence the A
affirmation of one of the two 8 or A (2); Ed
A
—r=i" (2
bt it is impossible to have § and 4 wgether B
with the denial of A and JI"(3). Ed
A
— I 3

(7 If A and A are both to be affirmed and E r
denied, B and I are ether both to be B
affirmed or both denbed; that is, if & 15 A
affirmed. I is aleo to be affirmed (4); A

& (d)h
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364 COMPLEX INFERENCES. [PART 1V.

properties B, C, and D, will all be wanting. And con-
versely, where cither the property C or the property D is
Jound singly, or the properties B, C, and D, are logether
missing, theve the property A will be found.
[Boole, Laws of Thought, pp. 146—148. Cp. also
Venn, Symbolic Logic, pp. 280, 281.]

The premisses are as follows:—

1st, All ac is BAdE or 8DE; (i)
and, All 4D is BC or be;  (ii)
srd, All 458 is Cd or cD;  (iil)
All AE is Cd or cD;  (iv)
All Cdis AB or AE; (v)
All eDis AB or AE. (vi)
‘We are required to prove:—

All 4is Cf or ¢D or bad; (a)
All Cdis A; 1))
All eDis A4; (y)
All ded is A. (&)
First, By (iii) and (iv), If 4 is B or E it is Cd or eD;
therefore, 4 is Cd or ¢ or be. {x)
By (ii), Ae is either BC or d¢ or d;
therefore, Ade is bc or ;
therefore, Abe is bee or bde. (2)

By (v), Cd is B or E;
therefore, Cis B or Dor E;
therefore (by contraposition), &de is ¢;
therefore, bde is bed;
therefore, If Abe is bde it is bad, (3)
Again by (vi), e is B or E;
therefore (as above), fee is &;
therefore, If Ade is bee it is bedl (4)



‘In part IV, which contains a generalisation of
logical processes in their application to complex
inferences, a somewhat new departure is taken.
So far as I am aware this constitutes the first
systematic attempt that has been made to deal
with formal reasonings of the most complicated
character without the aid of mathematical
symbols and without abandoning the ordinary
non-equational or  predicative form = of
proposition. In this attempt 1 have met with
greater success than I had anticipated; and I
believe that the methods which I have
formulated will be found to be as easy of
application and as certain in obtaining results as
the mathematical, symbolical, or diagrammatic
methods of Boole, Jevons, Venn and others’

(J. N. Keynes, Formal I ogic, 1884: preface - vii)



- Boole introduced the problem of elimination
- Elimination was considered as the main problem of symbolic logic
- Boole, his followers and their opponents worked on its solution

- Symbolic logicians didn’t just use Boole’s work, they mostly worked
the way Boole did (a practice, not just a result)

- Symbolic logicians engaged in a ‘friendly’ competition, for which they
invented new notations, new methods (new systems)

- Boole initiated what might be called a ‘research program’



Conclusion
Toward Symbolic Logic



Preface

The  Formulaire aims at publishing
propositions that are known in several
subjects of mathematical sciences. These
propositions are expressed as formulae
with the notations of mathematical logic

[...]

Every part of the Formulaire, though
started by one author, will be eventually
the result of the work of all
collaborators.”

(G. Peano, Formmulaire de Mathématiques,
1895)
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PREFACE

Tue form that the present work has taken
is due to some correspondence that I had
with Mr. W. E. Johnson in the year 1903.
He pointed out to me the error of think-
ing of the various symbolic systems as
being radically distinct, and as competing

with one another for general acceptance.
Rather, he held, it is correct to adopt the

view that there is available at the present
time what may be called #he Logical Cal-
culus, and that towards the creation of this
Calculus most symbolists have contributed.
This idea has been worked out in the
following pages. I have traced the growth
of the subject from the time when Boole
originated his generalisations to the time
when Mr. Russell, pursuing for the most



Thank you!

Amirouche Moktefi
Tallinn Unitversity of Technology, Estonia






o The problem of the School-Boys (12 premisses, 14 terms)
o L. Carroll, A Challenge to I ogictans, 1892

“Over the past ten years, in three universities in Britain and America, 1
have in vain asked logicians of high distinction to solve this problem.
Even when I gave them Carroll’s own solution and asked them to test the
argument of correctness, they still tended to scamper off like white
rabbits, even though the latter was a task for which their training had
prepared them. Occasionally they would counterattack, and demand an
explanation of my “antiquarian interest.”

(W. W. Bartley I1I, Lewzs Carroll’s Symbolic 1.ogze, 1977: 25)



‘Bartley has been surprised to find that eminent modern logicians
did not accept his challenge to tackle one of the problems in
predicate logic set by Lewis Carroll who had techniques and an
acquired knack for solving such problems. Bartley does not realize
that such skills have no more to do with serious logic than a
calculating boy’s ability to raise 123,456,789 to a high power in his
head has to do with number theory.

(P. Geach, 1978: 124)



Is the problem of elimination ...

* Artificial?
[So what?]

* Not serious?
[What matters is not the challenge but the nature of the problem]

* Modern?
[Switching theory]



