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Motivation

e Formal Concept Analysis (FCA) started in the eighties as
applied lattice theory (by Rudolf Wille) and rapidly established
himself with many applications in conceptual clustering, rule
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e Formal Concept Analysis (FCA) started in the eighties as
applied lattice theory (by Rudolf Wille) and rapidly established
himself with many applications in conceptual clustering, rule
generation, rule and web mining, lattice theory,. ..

@ FCA is based on the the formalization of the notion of concept.
@ Traditional philosophers considered a concept to be determined
by its extent and its intent. The extent consists of all objects

belonging to the concept while the intent is the set of all

attributes shared by all objects of the concept.

o Concepts are considered as basic unit of thought. So our aim is
to develop a logic based on concepts as units of thought.
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Plan

o Formalize concepts and logical operations on concepts

@ Investigate the related structures
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Plan

o Formalize concepts and logical operations on concepts J

@ Investigate the related structures

For this talk:
e Formal Concept Analysis
@ The problem of negation

@ Weak negation and related structures:

» Double Boolean algebras
» Weakly dicomplemented lattices
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Formal Concept Analysis

To formalize:
@ Concept := extent + intent
Extent := all objects belonging to the concept

Intent := all attributes shared by all objects of the concept.
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Formal Concept Analysis

To formalize:
@ Concept := extent + intent
Extent := all objects belonging to the concept
Intent := all attributes shared by all objects of the concept.
@ Hierarchy: a concept is more general if it contains more objects.

@ Universe : relation involving objects and attributes of interest.

Universe
e A formal context is a triple K := (G, M, I) such that
IC G x M.
o G := set of objects M := set of attributes.
e glm:<— (g,m) el g has attribute m. |
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Formal Concept Analysis

To formalize:
@ Concept := extent + intent
Extent := all objects belonging to the concept
Intent := all attributes shared by all objects of the concept.

concepts
e GDA—A ={meM| VgeAglm}
e MDB—B ={gecG| Vme Bglm}
e formal concept := a pair (A, B) with A= B and B’ = A.
e A :=extent and B := intent of the concept (A, B).
@ B(K) := set of all formal concepts of K.
@ GDA— A" and M D B +— B” are closure operators.
o Ext(K) := set of all extents of K and Int(K) := set all intents.

v
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Formal Concept Analysis

To formalize:

@ Hierarchy: a concept is more general if it contains more objects.

(A,B)<(C,D):<= ACC (<= DCB).

B(G,M,I):=(B(G,M,I),<)is a complete lattice in which
infimum and supremum are given by:

A= (Na(Us) )

"
\ (A, B,) = ((UA) ,ﬂBt>.
teT teT teT
‘Bi Gi Mi l; is called the conceit lattice of the context (G, M. I).
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The Basic Theorem on Concept Lattices, Wille 82

B(G, M, 1) is a complete lattice in which infimum and supremum are

tET teT teT

Ve ((w',g&).
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The Basic Theorem on Concept Lattices, Wille 82

B(G, M, ) is a complete lattice in which infimum and supremum are

given by: .,
s (e ()
tET teT teT

Ve ((Ua) .ne)

A complete lattice L is isomorphic to a concept lattice B(G, M, 1) iff
there are mappings ¥ : G — L and i : M — L such that 5(G) is
supremum-dense in L, fi(M) is infimum-dense in L and for all g € G
and me M

glm < 4(g) < f(m).
In particular L = B(L, L, <).
T




Towards Boolean Concept Logic

To formalize:
@ Conjunction := Meet in the concept lattice
@ Disjunction := Join in the concept lattice !
@ Universe := Top element in the concept lattice !
@ Nothing := Bottom element in the concept lattice
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Towards Boolean Concept Logic

To formalize:
@ Conjunction := Meet in the concept lattice
@ Disjunction := Join in the concept lattice !
@ Universe := Top element in the concept lattice !
@ Nothing := Bottom element in the concept lattice

@ Negation of a concept (A, B):
» AcExt(G,M,I) = G\AcExt(G,M,I)?
» BeInt(G,M,l) = M\ BeInt(G,M,I)?

@ A special context: K := (X, X, #).

@ concepts of (X, X, #) are pairs (A, X \ A) with any A C X.
@ The negation of (A, B) is then (B, A).

e B(X, X, #) is a Boolean algebra isomorphic to P(X).
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Towards Boolean Concept Logic

To formalize:
@ Conjunction := Meet in the concept lattice
@ Disjunction := Join in the concept lattice !
@ Universe := Top element in the concept lattice !
@ Nothing := Bottom element in the concept lattice
@ Negation of a concept (A, B):
» AcExt(G,M,I) = G\AcExt(G,M,I)?
» Belnt(G,M,l) = M\ B € Int(G,M,I)?

Two options for negation:

@ Relax the definition of concept to semi- pre- and protoconcepts
~» double Boolean algebras.

@ Replace the complements with their closures
~» weakly dicomplemented lattices.

v

Kwuida (BUAS) Boolean Concept Logic Boole Conf. 2015 6 /27




Semi-, pre- and protoconcepts

Let K := (G, M, ) be a formal context. AC G and B C M.
e A semiconcept is a pair (A, B) with A= B or B=A.
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Semi-, pre- and protoconcepts

Let K := (G, M, ) be a formal context. AC G and B C M.
e A semiconcept is a pair (A, B) with A= B or B=A.
e A preconcept is a pair (A, B) with AC B’ (iff BC A)
e A protoconcept is a pair (A, B) with A” =B (iff B' = A")
o P(K) := set of all protoconcepts of the context K
@ Logical operations:

meet : (Al, B]) [l (Az, 82) (A1 N A2, (A1 N A2) )

join : (Al, Bl) L (A27 BQ) = ((B] N BQ) B] N BQ)
negation : (A,B)*:=(G\A(G\A))
opposition : (A, B)”: ( \ B), M\ B)
nothing : = (0, M)
all - = (G,0)
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Algebras of semi-, pre- and protoconcepts

o P(K) := (PB(K),n,,* >, L, T) algebra of protoconcepts

PB(K)q = (B(K)q,M,,%, L, 1) is a Boolean algebra isomorphic to
P(G) and P(K)u := (P(K)u, ®,U,”, 0, T) a Boolean algebra dual
isomorphic to P(M).
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(1) xMy=ynNx, (1) xUy =yUx,

(2) xMN(yNz)=(xNy)Nz (2) xU(yUz)=(xUy)Uz

(3) xM(xUy)=xMNx, (3) xU(xMy)=xUx

(4) xN(x®y)=xMx, (4) xU(xoy)=xUx,

(5) (xMx)MNy=xMNy, (5") (xUx)Uy=xUy

(6) xM(y®z)= (6) xu(yoz)=
(xMy)® (xm2z), (xUy)o(xUz),

(7) (xMy)=“=xnNy (7) (xUy)”=xuy

(8) (xMx)?=x® (8") (xUx) =x"

(9) xMx*=1, (9) xUx>=T

(10) L9=TnT, (10) TP=1uUl

(11) T9= 1, (11) 1> =T

(13) xMx < (xMy)U(xMy?) (13") xUx > (xUy)MN(xUy")

(12) (xMx) U (xMx) = (xUx) M (xUx).
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Double Boolean algebras

An algebra (D, M, U,* >, L, T) of type (2,2,1,1,0,0) that satisfies
(1) to (13) and (1') to (13') a double Boolean algebra
A double Boolean algebra is called pure if it satisfies

(14) xMx=xor xUx=x

Notation:
o xn:=xMx, Dn:={x1|xeD}
o x,:=xUx, D,:={x,|xeD}

D, :=(D~,1,®,%, L,1) and D, := (D,,®,U,”,0,T) are Boolean
algebras, where x ® y := (x* My, xOy = (xX"Uy"), 1:= L
and 0:=T"
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Le

—

D be a double Boolean algebra D and x,y,a € D
xCy: <= xMNy=xMNxandxUy=ylUy
xCy < xaMyn=xnand xy Uy, = .
xCy <= xq<ynand x, <y
xMyLx,yExUy

xC yimpliesxMaCyMa and xUaCyla

A Filter is nonempty subset F of D such that
x,y€EF = xMNy€eF, andxeF,yeD, xCy — y€eF.

@ An Ideal is a nonempty subset / of D satisfying

x,y€l = xUyel,andxel, yeD, xdy = yel.
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Prime Ideal Theorem

Let D be a double Boolean algebra. A filter F is called proper if

F # D, and primary if it is proper and satisfies x € F or x* € F for
all x € D. Dually are defined primary ideals. F, (D) denotes the
set of primary filters and Z,.(D) the set of primary ideals of D.

Theorem (Prime ideal theorem)
Let D be a double Boolean algebra, F a filter and | an ideal such
that F N1 = 0.

© There exists a primary filter G and a primary ideal J with
FCG,ICJand GNJ=0.

Q@ xMxYZyUy = 3 aprimary filter G withx € G andy ¢ G.
© Nontrivial double Boolean algebras have primary filters / ideals.
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Weak Negation and weak opposition

To formalize a negation two operations are introduced:

Definition

Let K be a context and (A, B) a formal concept of K. We define
its weak negation by (A, B)” := ((G\ A)",(G\ A))

and its weak opposition by (A, B)V := ((M\ B)',(M\ B)").

A(K) := (B(K); A, V,2,V,0,1) is called the concept algebra of
the formal context K, where A and Vv denote the meet and the join
operations of the concept lattice.
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Weak dicomplementation

(1) x*2 < x, (1) xVV > x,
(2) x<y = x2 >y~ (2) x<y = xV>yV,
(3) (xAY)V(xAy2)=x,  (3) (xVy)A(xVyV)=x.

4
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Weak dicomplementation

A weakly dicomplemented lattice is a bounded lattice L equipped
with two unary operations © (weak complementation) and V
(dual weak complementation), such that for all x, y € L:

(1) x24 < x, (1) xVV > x,
(2) x<y = x® >y~ (2) x<y = xV>yV,
(3) (xAy)V(xAy?) =x, (3) (xVy)A(xVyV)=x.

y
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Weak dicomplementation

A weakly dicomplemented lattice is a bounded lattice L equipped
with two unary operations © (weak complementation) and V
(dual weak complementation), such that for all x, y € L:

(1) x84 < x, (1) xVV > x,
(2) x<y = x® >y~ (2) x<y = xV>yV,
(3) (xAy)V(xAy?) =x, (3) (xVy)A(xVyV)=x.

Q@ x© := weak complement of x
@ xV := dual weak complement of x
Q@ (x©,xV) := weak dicomplement of x
Q@ (4,V) := weak dicomplementation on L
Q@ (L,A,Vv,%,0,1) := weakly complemented lattice
Q (L,A,V,V,0,1) := dual weakly complemented lattice
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Weak dicomplementation: some properties

Q xVvx2=1
Q@ xAxV =0
Q@ 04=1=0V
Q14=0=1V
Q xV <x°

QO (xAy)> =x2Vys

Q (xVy)V=xVAyV

Q X248 — xb

0 xVVV — 4V

@ X2V < xP2 < x < xVV < xVA
@ x — x> is a kernel operator on L

@ x — xVV is a closure operator on L
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Examples of weak dicomplementations

@ Boolean algebras: (B,A,V,7,0,1)~ (B,A,V,7,7,0,1).
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Examples of weak dicomplementations

@ Boolean algebras: (B,A,V,7,0,1)~ (B,A,V,7,7,0,1).
@ Trivial weak dicomplementation on bounded lattices:

Define (1,1), (0,0) and (1,0) as the weak dicomplement of 0, 1
and of each x ¢ {0, 1}, respectively.

Distributive double p-algebras (L,A, V7 %0,1):

On finite lattice L:

J(L) := join irreducible elts and M(L) := meet irreducible elts
x®:=\{a€e J(L)| as%x}and xV:= A\{me M(L) | m# x}.
For G D J(L) and H O M(L), define ©¢ and V+ by

XAG::\/{aeG|aj{x} and XVH::/\{mGH|m}_4x}.
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Weak dicomplementation from closure-kernel pairs

Let h be a closure operator on X and k a kernel operator on Y.
ABn = h(X \ A), BV« := k(Y \ B)for AC X and BC Y.

(I) (hP(X), ﬁ, \/h,Ah 5 h@,X), with A] \/h A2 = h(A1 U A2), is a
weakly complemented lattice.

Kwuida (BUAS) Boolean Concept Logic Boole Conf. 2015 17 / 27



Weak dicomplementation from closure-kernel pairs

Let h be a closure operator on X and k a kernel operator on Y.
A%h = h(X\ A), BVk .= k(Y \B)for AC X and BC Y.
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Weak dicomplementation from closure-kernel pairs

Let h be a closure operator on X and k a kernel operator on Y.
A%h = h(X\ A), BVk .= k(Y \B)for AC X and BC Y.

(I) (hP(X), ﬁ, \/h,Ah 5 h@,X), with A] \/h A2 = h(A1 U Az), is a
weakly complemented lattice.

(i") (kP(Y), Ak, U Ve 0, kY), with By Ay By := k(By N By), is a
dual weakly complemented lattice.

(i) #» and V« can be combined if hP(X) < kP(Y)

L:={(x,y) € hP(X) x kP(Y) |y = ¢(x)} has a weakly
dicomplemented lattice structure induced by h and k.
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Representation problem

equational axiomatization: Find equations that generate the
equational theory of concept algebras.
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Representation problem

equational axiomatization: Find equations that generate the
equational theory of concept algebras.

strong representation: Describe weakly dicomplemented lattices that
are isomorphic to concept algebras.

isomorphism problem: Given a complete weakly dicomplemented
lattice L, is there a context K(L) such that
A(K(L)) = L?

concrete embedding: Given a weakly dicomplemented lattice L, is
there a context K@(L) such that L embeds into the

concept algebra of K@(L)?
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Negative solution to the iso problem

Theorem

There is no formal context whose concept algebra is isomorphic to a
complete atomfree Boolean algebra.
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Concrete embedding: constructing K@(L)

e primary filter:= lattice filter containing w or w* for all w € L.

Kwuida (BUAS) Boolean Concept Logic Boole Conf. 2015 20 / 27



Concrete embedding: constructing K@(L)

e primary filter:= lattice filter containing w or w* for all w € L.
® Fpr(L) := the set of all primary filters of L

Kwuida (BUAS) Boolean Concept Logic Boole Conf. 2015 20 / 27



Concrete embedding: constructing K@(L)

e primary filter:= lattice filter containing w or w* for all w € L.
® Fpr(L) := the set of all primary filters of L
e primary ideal:= lattice ideal containing w or wV for all w € L.

Kwuida (BUAS) Boolean Concept Logic Boole Conf. 2015 20 / 27



Concrete embedding: constructing K@(L)

e primary filter:= lattice filter containing w or w* for all w € L.
® Fpr(L) := the set of all primary filters of L
@ primary ideal:= lattice ideal containing w or wV for all w € L.
@ J,.(L) := the set of all primary ideals of L.

Kwuida (BUAS) Boolean Concept Logic Boole Conf. 2015 20 / 27



Concrete embedding: constructing K@(L)

e primary filter:= lattice filter containing w or w* for all w € L.
® Fpr(L) := the set of all primary filters of L
@ primary ideal:= lattice ideal containing w or wV for all w € L.
@ J,.(L) := the set of all primary ideals of L.

Kwuida (BUAS) Boolean Concept Logic Boole Conf. 2015 20 / 27



Concrete embedding: constructing K@(L)

e primary filter:= lattice filter containing w or w* for all w € L.
® Fpr(L) := the set of all primary filters of L
@ primary ideal:= lattice ideal containing w or wV for all w € L.
@ J,.(L) := the set of all primary ideals of L.

Theorem (“Prime ideal theorem”)

For a filter F and an ideal | with F N | = () there is a primary filter
G DO F and a primary ideal J O | with GN | =0 and JN F = 0.
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Concrete embedding: constructing K@(L)

e primary filter:= lattice filter containing w or w* for all w € L.
® Fpr(L) := the set of all primary filters of L
@ primary ideal:= lattice ideal containing w or wV for all w € L.
@ J,.(L) := the set of all primary ideals of L.

Theorem (“Prime ideal theorem”)

For a filter F and an ideal | with F N | = () there is a primary filter
G D F and a primary ideal J O | with GN I =0 and JN F = 0.
Thus x £ y = 3F € §pr such that x € F and y ¢ F.

0 K(L) = (For(L), Ipr(L), A) with FAI : = F 1% 0.

o §x={FeFn(l)|xeF}land T, :={l €T,(L) | xel}
e §.=7J,and J, = 3§,.

® Funy =8xNTy and Juyy =T N 7Ty
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Theorem
The mapping

p: L — B(K(L))
x = (8% Tx)
is a lattice embedding.
Problem: is ¢ a weakly dicomplemented lattice embedding? |
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Dreamlike embedding

What about the weak operations?

@ Jn C (&,,(L) \SX)/
® F.wv € (Tpr(L)\ Tx)

Thus (xV) < p(x)V < p(x)* < p(x).
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Dreamlike embedding

What about the weak operations?
® Jua C (Spr(L) \ 8x)'
v S (Tpr(L) \ 3)

Thus (xV) < p(x)V < p(x)* < p(x).

Where is the problem?

Let / be a primary ideal such that / % x®. If x ¢ [ but
x® € Ideal(l U {x A x*}), is there a primary filter F such that
xé¢Fand FN /=07
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Special cases:

o If Lis a Boolean algebra, then F.(L) is the set of ultrafilters of
L and is one-to-one to J,;(L). The context (§pe(L), Ipe(L), O)
and (Fpr(L), Fpr(L), #) are isomorphic and their concept lattice
is a complete and atomic Boolean algebra isomorphic to P(F,;)-

L embeds into the concept algebra of K“(L).
\Y

Corollary (Stone '36)

Each Boolean algebra embeds into a field of sets.

@ Finite and distributive lattices:

The concrete representation is ok. But the proof uses
combinatorial arguments and is based on a different approach.
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LK (2009)
An algebra (L, A, V,%) of type (2,2,1) is a Boolean algebra iff

(L, A, V) is a non empty lattice and (1)
(XAY)V (xAy?)=(xVy)A(xVy?)forall x,y € L. (2)

v
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An algebra (L, A, V,%) of type (2,2,1) is a Boolean algebra iff

(L, A, V) is a non empty lattice and (1)
(XAY)V (xAy?)=(xVy)A(xVy?)forall x,y € L. (2)

X > (X AY)V (X Ay®)=(xVy)A(xVy?) > x
= x=(xAy)V(xAy?) (4)
— x=(xVy)A(xVy®?)
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LK (2009)
An algebra (L, A, V,%) of type (2,2,1) is a Boolean algebra iff

(L, A, V) is a non empty lattice and (1)
(XAY)V (xAy?)=(xVy)A(xVy?)forall x,y € L. (2)

X > (X AY)V (X Ay®)=(xVy)A(xVy?) > x (3)
— x=(xAy)V(xAy?) (4)
— x=(xVy)A(xVy®?) (5)

Each concept x decomposes into a negative and a positive part with
respect to any other concept y, as well for the disjunction as for the
conjunction.
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Proof: (x Ay)V (x Ay®) = (xVy)A(xVy?)

© Each nonempty lattice satisfying (1)-(3) is bounded.
Take x € L and set 1 := x V x> and 0 := 1.
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Proof: (x Ay)V (x/\yA) =(xVy)A (X\/YA)

© Each nonempty lattice satisfying (1)-(3) is bounded.
Take x € L and set 1 := x V x> and 0 := 1.

@ For any weakly dicomplemented lattice (L, A,V,”,V,0,1), & =V
iff (L, A,V,2,0,1) and (L, A, V,V,0,1) are Boolean algebras.

» For c € L\ {0,1}, we have [c,1] 2 [0, c?], since

U :lc, 1] — [0,c%] and ve : [0,¢%] = e, 1]
X = xAc® x = xVc

are order preserving and inverse of each other.

Kwuida (BUAS) Boolean Concept Logic Boole Conf. 2015 26 / 27



Proof: (x Ay)V (x/\yA) =(xVy)A (X\/YA)

© Each nonempty lattice satisfying (1)-(3) is bounded.
Take x € L and set 1 := x V x> and 0 := 1.

@ For any weakly dicomplemented lattice (L, A,V,”,V,0,1), & =V
iff (L, A,V,2,0,1) and (L, A, V,V,0,1) are Boolean algebras.

» The maps

fi:l — [c®,1] — [0,c22]=]0,¢]
x = xVc® = (xVc®)Ac=xAc

and

h:L — [c,1] — [0,c%]
x = xVc = (xVc)Ac® =xAcP

are lattice homomorphisms.
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Proof: (x Ay)V (x/\yA) =(xVy)A (X\/YA)

© Each nonempty lattice satisfying (1)-(3) is bounded.
Take x € L and set 1 := x V x> and 0 := 1.

@ For any weakly dicomplemented lattice (L, A,V,”,V,0,1), & =V
iff (L, A,V,2,0,1) and (L, A, V,V,0,1) are Boolean algebras.

» Set 01 := kerf; and 65 := kerf,. Then 81 NGy = A.

(x,y) €Nl = X/\C:yAcandX/\CA:y/\cA

— (XA V(XAP)=(yAc)V(yAch)

(N

~~

x y
= (x,y) € A.
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Proof: (x Ay)V (x/\yA) =(xVy)A (X\/YA)

@ Each nonempty lattice satisfying (1)-(3) is bounded.
Take x € L and set 1 := x V x© and 0 := 1%,

@ For any weakly dicomplemented lattice (L, A,V,”,V,0,1), & =V
iff (L, A,V,2,0,1) and (L, A, V,V,0,1) are Boolean algebras.

Q@ (L,A,V,»,0,1) is a Boolean algebra iff (L, A, V) is a non empty
lattice in which i) x22 =x, (ii)x<y = x® > y* and
(i) (x Ay)V(xAy?)=x=(xVy)A(xVy?).
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Take x € L and set 1 := x V x© and 0 := 1%,

@ For any weakly dicomplemented lattice (L, A,V,”,V,0,1), & =V
iff (L, A,V,2,0,1) and (L, A, V,V,0,1) are Boolean algebras.

Q@ (L,A,V,»,0,1) is a Boolean algebra iff (L, A, V) is a non empty
lattice in which i) x22 =x, (ii)x<y = x® > y* and
(i) (x Ay)V(xAy?)=x=(xVy)A(xVy?).

(i) x> (xAy)V(xXAy?)=(xVy)A(xVy?) > x implies
(XAY)V(xAy®)=x=(xVy)A(xVy?).
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Proof: (x Ay)V (x/\yA) =(xVy)A (X\/YA)

@ Each nonempty lattice satisfying (1)-(3) is bounded.
Take x € L and set 1 := x V x© and 0 := 1%,

@ For any weakly dicomplemented lattice (L, A,V,”,V,0,1), & =V
iff (L, A,V,2,0,1) and (L, A, V,V,0,1) are Boolean algebras.

Q@ (L,A,Vv,»,0,1) is a Boolean algebra iff (L, A, V) is a non empty
lattice in which i) x®2 =x, (i) x<y = x®>y* and
(i) (x Ay)V(xAy?)=x=(xVy)A(xVy?).

() x=(xVy)A(xVy2) = yny® =0;
x=(XAXP)V (X AXPB) =0V (x AxBB) = x AxBA
Hence x < x24.
x=(XAy)V(xAy?), = yVy2 =1,
x=(xXVX2)A(xVx22) =1A(xVx28) =x Vv xB8

Hence x > x22. Therefore x = x>,
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Proof: (x Ay)V (x/\yA) =(xVy)A (X\/YA)

@ Each nonempty lattice satisfying (1)-(3) is bounded.
Take x € L and set 1 := x V x© and 0 := 1%,

@ For any weakly dicomplemented lattice (L, A,V,”,V,0,1), & =V
iff (L, A,V,2,0,1) and (L, A, V,V,0,1) are Boolean algebras.

Q@ (L,A,V,»,0,1) is a Boolean algebra iff (L, A, V) is a non empty
lattice in which i) x®2 =x, (i) x<y = x®>y* and
(i) (x Ay)V(xAy?)=x=(xVy)A(xVy?).

(i) Let x <y.
xVx2=1= yVx®=1. Thus
x5 = (xXBVyP)A(xBVYyAR) = (XA VyP)A(xPVy) = xB vy s
and x2 > y2.
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Theorem (A new axiom for Boolean algebras)

Boolean algebras are exactly nonempty lattices (L, A\, V) with a unary
operation © satisfying:

(XAY)V(xAy®)=(xVy)A(xVy?)

for all x,y € L.
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