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Two new theories : Lattice Theory

“It was Garrett Birkhoff’s work in the mid-thirties that started
the general development of lattice theory.” (G. Grätzer, 1971)

“Birkhoff and Ore were the leading figures behind the
reelaboration of lattice theory in the 1930s.” (L. Corry, 1996)
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Two new theories : Boolean algebra

“There are two aspects in the theory of Boolean algebras (...).
Fundamental theorems in both directions are due to M. H.
Stone whose papers have opened a new period in the
development of the theory.” (R. Sikorski, 1960)

“Only with the work of Marshall Stone and Alfred Tarski in the
1930s (...) did Boolean algebra free itself completely from the
bonds of logic and become a modern mathematical discipline.”
(S. Givant, 2009)
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Two leading figures

Garrett Birkhoff Marshall H. Stone
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I A case study on the establishment of a mathematical
theory

I Between the first paper of Birkhoff on lattice (1933) and the
publication of Lattice Theory (1940)

I In the context of the American Mathematical Society

. What can we say about Boolean Algebra and Lattice as
mathematical theories ?
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1. Comparison : What do the theories have in common ? What
are their differencies ?

2. Crossing : How do the theories interact ? What can we say
from one focusing on the other ?
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Comparing : two theories ?
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Corpus : from abstract to publication

Abstract submited to the AMS
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Corpus : from abstract to publication

Presentation following the abstract



Two theories Compararing Crossing Conclusion

Corpus : from abstract to publication

Paper published following the abstract
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Corpus : from abstract to publication

Publication
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Corpus : from abstract to publication

I A corpus built on keywords (“Boolean”, “lattice” and
“structure”)

I Two subcorpuses : BA and Lattice
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Appropriate subjects for publication

Number of ... BA Lattice Intersection Total AMS

Abstracts : 53 83 17 8085
Publications : 33 (62%) 50 (60%) 12 2493 (31%)

I More abstracts on lattices but the same proportion of
resulting publications

I A proportion of publications greater than the average
I A few texts belonging to both corpuses
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Comparing the authors

Authors that published the most abstracts in the two corpuses
. Who are the main authors in both corpus ?
. Is there two different communities ?
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Authors : the BA corpus

(Authors who published more that 1 abstract)
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Authors : the L corpus

(Authors who published more that 1 abstract)
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Authors

I A small core of authors submitting a lot of abstracts in each
corpus

I Three shared authors : G. Birkhoff, M. Ward, R. P. Dilworth
I Stone barely appears in the corpus on Boolean Algebras
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Références from the BA corpus

What do we learn from the material cited by the BA corpus ?
I The most cited article is Birkhoff’s 1933 paper on lattice

theory

→ Meeting of the two corpuses

I Then : 2 papers by Huntington

→ A diverging practice of Boolean Algebra

I 7 papers by Stone are cited 17 times by 11 publications

→ Importance of Stone’s work in a particular context
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Stone’s algebraic theory of Boolean algebras

“In an earlier paper we have developed an abstract theory of
Boolean algebras and their representations by algebras of
classes.” (Stone, 1937)

“For algebraic developments of Boolean rings, particularly in
the light of their relation with the rings and ideals of classical
abstract algebra, see M. H. Stone, The Theory of
Representations for Boolean Algebras” (Koopman, 1940)
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Stone’s algebraic theory of Boolean algebras

“Stone is able to employ modern algebraic methods in his
study of Boolean algebra. To my mind his thoroughgoing
papers constitute the most considerable advance in our
understanding of Boolean algebras since Boole’s own work.”
(G. D. Birkhoff, 1938)
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On comparison

What did we learn from comparison ?
I Similar status : a limited number of texts and a small core

of authors

→ Specific work and not very general subjects

I Common authors and common interests

→ Two different theories ?

I A particular trend : algebraic theory of Boolean algebras

→ A meeting point
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Crossing : Birkhoff and Stone on
representation
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I Focus on the particular algebraic work highlited by the
comparison

I A theorem on both Boolean algebra and Lattices
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Stone’s representation theorem

“By analogy with the theory of abstract rings, we are led to
consider a theory of ideals and homomorphisms for Boolean
algebras”

I ideal, prime ideal, quotient algebra
I homomorphism theorem
I three theorems linking together Boolean algebras and

specifics spaces
→ The purpose is to study abstract topology

Stone, Boolean Algebras and their application to topology, 1934
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Stone’s representation theorem

Theorem
Let A be an arbitrary Boolean algebra, E the set of all prime ideals in
A, E(a) the set of all prime ideals in A which do not contain the
element a, and B(A) the algebra of the sets E(a) with sum and
product defined as union and intersection, respectively. Then the
correspondence a ↔ E(a) defines an isomorphism of A and B(A).

“A more general theorem was (...) obtained and published by
Garrett Birkhoff”

Stone, Boolean Algebras and their application to topology, 1934
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Birkhoff’s representation theorem

Theorem
The algebras satisfying Axioms I–IV and VI are collectively identical
with the algebras of classes of sets of points with respect to finite joins
and meets.

Birkhoff, On the combination of subalgebras, 1933
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Boolean rings

“In a previous communication, we have sketched an analogy
between Boolean algebras and abstract rings (...). In the present
note we shall show that Boolean algebras are actually special
instances, rather than analogs, of the general algebraic systems
known as rings. (...).The algebraic theory developed in the
previous communication is thus a particular instance of the
theory of rings and can be deduced in part from the known
theorems concerning rings.”

Stone, Subsumption of the theory of Boolean algebras under the theory of rings, 1935
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Boolean rings

“We have thus shown that the theory of Boolean algebras, with
particular reference to ideal-theoretic and arithmetic properties,
is a special case of the theory of rings. We can say further that
the theory of those algebraic systems known as distributive
lattices can be considered as a part of the theory of rings : for an
unpublished result due to Mr. Holbrook MacNeille shows that
every distributive lattice can be imbedded by a purely algebraic
construction in a Boolean algebra.”

Stone, Subsumption of the theory of Boolean algebras under the theory of rings, 1935
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“A full representation theory for Boolean algebras by fields of
sets has been developed by Stone, and it is interesting to see the
complications which arise in the more general case of
distributive lattices. These show that the assumption that
complements exist cannot be eliminated in Stone’s theory.”

Birkhoff, Rings of sets, 1937
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Lattices as generalization

“In closing, I wish to mention briefly the generalization from
Boolean algebras to distributive lattices. While the methods
and results of the theory of Boolean algebras can be extended,
with suitable modifications, to the case of distributive lattices,
the direct connection with the theory of rings is lost.”

“The relation between distributive lattices and Boolean rings is
in this respect analogous to that between domains of integrity
(commutative rings without divisors of zero) and fields.”

Stone, The representation of Boolean Algebras, 1938



Two theories Compararing Crossing Conclusion

Corollary

Theorem
Any distributive lattice L is isomorphic with a ring of sets. (The
converse is obvious.)
(...)
“[W]e get besides, as a corollary of Theorem 5.8, Stone’s
results :”

Theorem
Any Boolean algebra is isomorphic with a field of sets. (The converse
is obvious.)

Birkhoff, Lattice theory, 1940
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Crossing the theories

The representation problem
I A shared problem solved with shared methods
I Highlights a common development of Boolean algebras

and Lattices
I The mathematical similarity is used as a non-formal level
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Conclusion : Theories and the history of
mathematics
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Theories and the history of mathematics

How can we use the notion of a “theory” in the history of
mathematics ?

I The a priori definition of a theory results in putting aside
interactions between domains

I The notion is used by the actors themselves
. In what context(s) ?
. For what reason ?
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Thank you for your attention
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